This paper introduces a new four-parameter lifetime model called the Marshall-Olkin generalized Burr XII (MOGBXII) distribution. We derive some of its mathematical properties, including quantile and generating functions, ordinary and incomplete moments, mean residual life, and mean waiting time and order statistics. The MOGBXII density can be expressed as a linear mixture of Burr XII densities. The maximum likelihood and least squares methods are used to estimate the MOGBXII parameters. Simulation results are obtained to compare the performances of the two estimation methods for both small and large samples. We empirically illustrate the flexibility and importance of the MOGBXII distribution in modeling various types of lifetime data.
Introduction
The quality of statistical analysis depends on the chosen statistical distribution. Modeling real life data is frequently used to describe various phenomena finance, economics, environmental, biomedical sciences and engineering, among others. Many extended distributions have been developed and applied in several fields to model survival data. However, there still remain many important problems involving real data, which are not contemplated by existing models.
The Burr XII (BXII) distribution is proposed by Burr [9] and it has many applications in many areas including failure time modeling, reliability and acceptance sampling plans. For example, Shao [23] used the three-parameter BXII distribution to model extreme events with applications toáood frequency. Tadikamalla [24] studied the BXII model and its related models, namely: loglogistic, compound Weibull gamma, Pareto II (Lomax) and Weibull exponential distributions.
Aiming at a more flexible BXII distribution, there are various generalizations modified forms of the BXII distribution with different numbers of parameters. For example, the beta BXII (ParanaÌba et al., [21] ), Kumaraswamy BXII (ParanaÌba et al., [20] ), McDonald BXII (Gomes et al., [11] ), Marshall-Olkin extended BXII (Al-Saiarie et al., [8] ), beta exponentiated BXII (Mead, [18] ), exponentiated Weibull BXII (Abouelmagd et al., [2] ), Kumaraswamy exponentiated BXII (Mead and Afify, [19] ), Weibull BXII (Afify et al., [4] ), odd exponentiated half-logistic BXII (Aldahlan and Afify, [7] ) and odd Lindley BXII (Abouelmagd et al., [1] ) distributions.
The survival function (SF) and probability density function (PDF) of the BXII distribution are given by G(x; α, β) = (1 + x α ) −β and g(x; α, β) = αβx α−1 (1 + x α ) −β−1 , x > 0, (1.1) where G(x; α, β) = 1 − G(x; α, β) and α > 0 and β > 0 are shape parameters. The aim of this paper is to propose and study a new lifetime model called the Marshall-Olkin generalized Burr XII (MOGBXII) distribution. Its main feature is that two additional positive shape parameters are inserted in equation (1.1) to provide moreáexibility for the generated distribution. We construct the MOGBXII distribution using the Marshall-Olkin generalized-G (MOG-G) family of distributions due to Yousof et al. [25] , and give some of its mathematical properties. We prove that the MOGBXII distribution is capable of modeling various shapes of data using two data sets. It can provide better fits to both data sets.
Let G(x;¸) = 1 − G(x;¸) denotes the SF of a baseline model with parameter vector¸, Yousof et al. [25] defined the cumulative distribution function (CDF) of their MOG-G family by
where are two positive shape parameters representing the different patterns of the MOG-G family. The corresponding PDF of (1.2) is
where g (x;¸) is the baseline PDF, δ > 0 and a > 0 are two shape parameters. Generally a random variable X with PDF (1.3) is denoted by X ∼MOG-G(δ, a,¸). If δ = 1, then the MOG-G class reduces to the generalized-G (G-G) family (Gupta et al., [13] ). We have the Marshall-Olkin-G (MO-G) class (Marshall and Olkin, [17] ) for a = 1. Finally, for δ = a = 1, we obtain the baseline distribution. The hazard rate function (HRF) of the MOG-G family is
where π (x;¸) = g (x;¸) /G(x,¸) is the baseline HRF.
Using Equations (1.1) and (1.2), we obtain the four-parameter MOGBXII CDF
The PDF amd HRF of the MOGBXII model are given by
1. For δ = 1, the MOGBXII model reduces to the generalized BXII distribution. 2. For a = 1, we have the Marshall-Olkin BXII distribution. 3. The case α = 1, refers to the MOG-Lomax (MOGLx) distribution. 4. The case β = 1, refers to the MOG-log-logistic (MOGLL) distribution. 5. The MOGBXII model reduces to the generalized Lx distribution for δ = α = 1.
6. The MOGBXII model reduces to the generalized LL distribution for δ = β = 1. 7. The case a = α = 1, refers to the MOLx distribution. 8. The case a = β = 1, refers to the MOLL distribution. 9. For δ = a = 1, we obtain the BXII distribution. 10. For δ = a = α = 1, we obtain the standard Lx distribution. 11. For δ = a = β = 1, we obtain the standard LL distribution.
Some plots of the PDF of the MOGBXII distribution for some selected parameter values are displayed in Figure 1 . Figure 2 shows some plots of the MOGBXII HRF for some parameter values. One can see that, the MOGBXII HRF can be increasing, decreasing and upside down bathtub. Its PDF can be reversed-J shaped, symmetric, left skewed and right skewed. The remainder of the paper is organized as follows. In Section 2, we investigate some mathematical properties of the MOGBXII distribution including linear representation for its PDF, quantile and generating functions, ordinary and incomplete moments, mean residual life, mean waiting time and order statistics. The maximum likelihood and least squares estimation methods are discussed in Section 3. A simulation study is carried out to compare the performance of the two methods of estimation in Section 4. In Section 5, the MOGBXII distribution is applied to two real data sets to illustrate its importance. Finally, in Section 6, we give some concluding remarks.
Properties of the MOGBXII distribution
We provide some mathematical properties of the MOGBXII distribution including linear representation, quantile function (QF), moment generating function (MGF), ordinary and incomplete moments, mean residual life, mean waiting time and order statistics.
Linear representation
According to Yousof et al. [25] , the CDF of the MOG-G family can be rewritten as
where υ 0 = (2/δ) and for k 1, we have
where
Then, the PDF of the MOG-G family can be expressed as
k is the exp-G density with power parameter k > 0.
Then, the PDF of the MOGBXII can be expressed as
Consider the power series
m n m z m , |z| < 1 and n positive integer, for the term
, then we have
Then, the MOGBXII density (1.5) can be expressed as a linear mixture of BXII densities as follows
is the BXII PDF with parameters α > 0 and (m + 1)β > 0, and
Based on equation (2.1), several properties of the MOGBXII distribution can be obtained from those properties of the BXII distribution. Let Y be a random variable with BXII distribution (1.1) with positive parameters α and β. For s < αβ, the s th ordinary and incomplete moments of Y are, respectively, given by
dt is the beta function and B(z; b, c) =
is the incomplete beta function of the second type.
Quantile and generating functions
The QF of X is obtained by inverting (1.4) as
By setting u = 0.5 in (2.2), we obtain the median of X. Simulating the MOGBXII random variable is straightforward. If U is a uniform variate on the unit interval (0, 1), then the random variable X = x u at u = U follows equation (1.5).
The MGF of X, M X (t) = E[exp(tX)], can be obtained from (2.1) as
where M m+1 (t) is the MGF of the BXII distribution with parameters α and (m + 1)β. We provide a simple representation for the MGF, M(t), of the BXII(α, β) model similarly to Paranaíba et al. [21] who derived a simple representation for the MGF of the three-parameter BXII distribution. For t < 0, one can write
The Meijer G-function is defined by
where i = √ −1 is the complex unit and L denotes an integration path (Gradshteyn and Ryzhik, [12, Section 9.3]). The Meijer G-function contains as particular cases many integrals with elementary and special functions (Prudnikov et al., [22] ). We now assume that α = r/β, where r and β are positive integers.
Hence, we have the following result, which holds for r and k positive integers, µ > −1 and p > 0 (Prudnikov et al., [22, p. 21] ),
β . Hence, we can write (for t < 0)
Then, the MGF of X reduces to
, −β (m + 1) − 1 .
Ordinary and incomplete moments
The r th ordinary moment of X is given by
Then, we obtain
We have the mean of X, by setting r = 1 in (2.3). The r th incomplete moment, ϕ r (t), of the MOGBXII distribution is defined using equation (2.1) as
Then, we can write
The first incomplete moment of X, is determined from equation (2.4) by setting r = 1 as
which has important applications related to the mean residual life, mean waiting time, Bonferroni and Lorenz curves.
Mean residual life and mean waiting time
The mean residual life (MRL) (or life expectancy at age t) represents the expected additional life length for a unit, which is alive at age t and it is defined by m X (t) = E (X − t | X > t) , t > 0.
The MRL has some applications in life insurance, biomedical sciences, economics, demography, product technology, maintenance and product quality control (Lai and Xie, [14] ).
The MRL of X, can be defined as 6) where S (t) = 1 − F(x) is the SF of the MOGBXII distribution and ϕ 1 (t) is given in (2.5). By substituting (2.5) in equation (2.6), we have MRL of the MOGBXII distribution as
The mean waiting time (MWT) (or mean inactivity time) is defined by M X (t) = E [t − X | X t], t > 0, represents the waiting time elapsed since the failure of an item on condition that this failure had occurred in (0, t). The MWT of X can be defined as
By inserting (2.5) in equation (2.7), the MWT of the MOGBXII distribution reduces to
Order statistics
Let X 1 , . . . , X n be a random sample of size n from the MOGBXII distribution and let X 1:n , . . . , X n:n be the corresponding order statistics. Then, the PDF of the of i th order statistic, X i:n , is defined by
Then, the PDF of the i th order statistic of the MOBXII distribution reduces to
Hence, the PDF of the first order statistic X 1:n follows from (2.8) with i = 1, as
The PDF of the largest order statistic X n:n is given by
.
Estimation methods

Maximum likelihood estimation
The estimation of the MOGBXII parameters from complete samples only is considered by the maximum likelihood method. Let x 1 , . . . , x n be a random sample of the MOGBXII distribution with parameter vector θ = (α, β, δ, a) . The log-likelihood function for θ is = n log α + n log β + n log δ + n log a + (α − 1)
The maximum likelihood estimators (MLEs) can be obtained by maximizing (3.1) either by using the different programs such as R, SAS or by solving the nonlinear likelihood equations obtained by differentiating (3.1).
The score vector elements,
, can be obtained from the corresponding author upon request.
Least squares estimation
The estimation of the MOGBXII parameters is performed using least squares as an alternative method to maximum likelihood estimation. Let x 1:n < x 2:n < · · · < x n:n be the sample order statistics of size n from the MOGBXII distribution, hence the least squares estimators (LSEs) of the MOGBXII parameters α, β, δ and a can be obtained by minimizing
with respect to α, β, δ and a. Furthermore, the LSEs follow by solving the non-linear equations
∆ 4 (x i:n |α, β, δ, a) = ∂ ∂a F (x i:n |α, β, δ, a) .
Simulation study
In this section, we conduct a simulation study for different sample sizes to assess the accuracy of the MLEs and LSEs for the parameters of the MOGBXII distribution. We consider eight different combinations (Comb) for the parameters α, β, δ and a. One can see, from Tables 2-4 , that the maximum likelihood method performs better than least square method in most cases in terms of minimum MSEs, however, the two methods perform very well.
All in all, the results show that the MSEs tend to zero as the sample size increase in all cases which indicate that the MLEs and LSEs are consistent.
Two applications
In this section, we illustrate the flexibility and importance of the MOGBXII distribution empirically by two real data applications. The first data set consists of 128 observations of bladder cancer patients which represents the remission times (in months) (Lee and Wang, [15] ). These data have been analyzed by Cordeiro et al. [10] and Afify et al. [6] . The second data set contains 346 observations and refers to nicotine measurements, made from several brands of cigarettes in 1998, collected by the Federal Trade. These data have been analyzed by Afify et al. [5] . Table 5 lists the competitive models of the MOGBXII distribution which will be compared with it. In Tables 6 and 7 , we compare the MOGBXII model with the TBXII, WBXII, OEHLBXII, OLBXII, TTBXII, GLx, MOLL and BXII distributions. We note that the MOGBXII model gives the lowest values for the KS, W * and A * statistics and the largest value of the PV among all fitted models. So, the MOGBXII model could be chosen as the best model to explain both data sets. The histogram of both data sets, and the estimated CDF, SF and PP plots for the MOGBXII distribution are shown in Figures 3 and 4 . The plots in these figures show that the MOGBXII distribution has a close fits to both data sets. 
Conclusions
In this paper, we propose a new four-parameter model called the MarshallOlkin generalized Burr XII (MOGBXII) distribution, which contains the Burr XII (BXII), Marshall-Olkin BXII, Marshall-Olkin log-logistic and generalized Lomax distributions, among others as special cases. The MOGBXII density function can be expressed as a linear mixture of BXII densities. Explicit expressions for some of its mathematical quantities including the quantile and generating functions ordinary and incomplete moments, mean residual life, mean waiting time and order statistics are derived. The MOGBXII parameters are estimated by the maximum likelihood and least squares methods. Monte Carlo simulation results are reported for both estimation methods. The proposed distribution provides better fits than some other nested and non-nested models by using two real data sets.
